Abstract. The three-dimensional (3D) reconstruction of magnetic configurations above the photosphere is considered within the framework of the nonlinear force-free-field (FFF) model. The physical-computational algorithm proposed and tested incorporates, for the first time, the following basic features: 1) Both photospheric vector field, B (z, y, O) and chromospheric line of sight field component, B,(z, y, z ) data are utilized; this reduces significantly the degree of ill-posedness characterizing the Cauchy problem corresponding to the case when only B(z,y,O) -values are used as boundary conditions. 2) A high-order, very efficient computational algorithm is developed and used: horizontal derivatives are evaluated by 14 -terms formulas in 14 different forms, selected such as to provide optimal computational accuracy; the vertical integration is achieved by the use of "moving" 10 -term formulas expressed in terms of 10 derivatives and the first Bi(z, y, z ) values (i = z,y,z). 3) At neutral points, where inherent computational singularities in the values of the FFFfunction a arise, rather than using smoothing techniques based on four-neighbouring-values averages, suitable procedures ensuring continuity are developed and used. The overall result of the incorporation of these novel features is an improvement by orders of magnitude of the accuracy with which the chromospheric fields are reconstructed in the case in which one uses (i) only B(z,y,O) -values as boundary conditions and (ii) relative simple computational formulas and smoothing techniques; at Z = 20, ABi/Bi < 10-3 ! The elimination/minimization of measurement errors as well as the fitting of the corrected date to FFF-model-States is also discussed.
Introduction
The solar chromospheric and coronal magnetic fields play a major role in the physics of the solar atmosphere. So far, these magnetic fields were determined by the extrapolation of observed photospheric magnetic fields upon assuming either (1) a potential, current-free model and using (only) the line of sight component or (ii) a force-free field (FFF) model ( J = a B , a: = a ( r ) ) , and using al1 three components of the photospheric field. Various analytical or/and numerical methods for the determination of the magnetic field in half the space above the photosphere have been suggested or/and implemented. (See, e.g., the reviews by Sakurai 1989 and Gary 1990 ; also, the papers by Schmidt 1964; Semel 1967 Semel , 1988 Sturrock & Woodburg 1967; Molodensky 1969; Nakagawa & Raadu 1972; Nakagawa 1974; Levine 1975 Levine , 1976 Chiu & Hilton 1977; Seehafer 1978; Sakurai 1981 Sakurai , 1982 Alissandrakis 1981; Low ,1985 Aly 1984 Aly ,1987 Aly ,1989 Aly ,1992 Schmal et al. 1982; Wu et al. 1985; Gary et al. 1987; Cuperman et al. 1989a Cuperman et al. , 198913, 1990 Cuperman et al. , 1991a Cuperman et al. , 1991b Cuperman et al. , 1993 Low & Lou 1991; Amari & Demoulin 1992; FaubertSholl et al. 1992; Bruma & Cuperman 1993) .
Obviously, in both the potential and FFF cases, calculated chromospheric and coronal magnetic field configurations suffer from the rather limited information used for their computation: only at the bottom of the threedimensional integration domain are boundary conditions (i.e., photospheric observations) used.
Referring to the more general FFF-case (also considered in this paper), the pertaining progressive vertical extrapolation method used in the past can be summarized as follows: (a) Starting from the vector magnetograph data at the photosphere (Say, z = O), use the z-component of the FFF-equation V x B = aB in order to calculate the function a ( r ) ; (b) next, by the aid of the z-and y-components of the FFF equation, as well as of the divergence equation Tikhonov & Arsenin 1977; Low , 1985 Cuperman et al. 1990 ). Based on the fact that many ill-posed problems do occur in science and technology these authors recommend the development and use of suitable "iegularization" methods leading to satisfactory solutions.
Recently, it has been pointed out (Zhang 1993 (Zhang , 1994 ) that physical situations may exist in which, besides measurements of three-component photospheric magnetic fields, data on longitudinal (line of sight) chromospheric magnetic fields are also available; and that these two types of information can be combined in order to determine the full three-component chromospheric magnetic field. Thus, when NLTE effects are relatively small (e.g., in the case of quiet and plage regions), longitudinal chromospheric magnetograms ut different wavelenghts in the blue wing of HP line are indicative of the longitudinal magnetic fields at different chromospheric altitudes. For example, using a set of eight magnetograms in the blue wind of the HP X4861.34 A line at wavelengths X = Xcore -[0.12 A+n(0.04 A)], n = O, 1 . . . 7 (monochromatic images of Stoke's parameter V of the HP line), and considering that the core of the HP line forms at about 1900 km in the solar atmosphere (Allen 1973) Zhang (1993) estimated the formation height of the wavelength X = -0.40 A to be about 1200 km. It is anticipated that in the near future, many more (40 -50) multi-level longitudinal magnetic field measurements will be possible (Ai 1994a, 199413; Fang 1994) .
In this work we develop -within the FFF framework -a high order precision method for the reconstruction of chromospheric magnetic configurations. The method is based on the utilization of both types of existing magnetic field observations: (i) vector (three-component) photospheric measurements and (ii) longitudinal (along the line of sight) chromospheric measurements. The goal is to compute the full three-component magnetic field configuration at al1 points above active photospheric regions. A high order computational algorithm was developed and utilized for this purpose. As it will be shown, this algorithm enables one the reconstruction of the chromospheric vector magnetic field with a maximum relative error of The paper is organized as follows: Sect. 2 presents the general formulation of the problem, including a discussion of the observations, the basic equations utilized and analytical solutions of FFF model equations used as a test
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case; Sect. 3 describes the general computational algorithm developed and its implementation; Sect. 4 presents the results of the calculation demonstrating the high performances of the algorithm; Sect. 5 elaborates on the elimination/minimization of measurements errors as well as on the fitting of the corrected data to a FFF-state; A summary is given in Sect. 6.
General formulation and basic equations

Vector magnetograph observations
Modern vector magnetographs provide the following magnetic field components': These observational data need some theoretical treatment before they can be used for reconstruction purposes: (a) the 180" ambiguity in the observed components B, (2, y, O) and B, (5, 
Basic equations -force free field (FFF) model
The steady state FFF equations are
and
Thus, Eq. (1) States that the electric current density J = (4n)-l V x B is proportional to the magnetic field See, e.g., Hagyard et al. (1982) (1) and (2) are: (4)- (7) one can obtain the vertical derivatives dBi/dz, and proceed to the vertical integration to the height z = dz, and so on.
Study case
As a study case we consider a magnetic configuration generated by electric currents satisfying the FFF condition (V x B = a B ) everywhere except along the line y = O, z = -a (below the photosphere), where an infinite straight line current ( j i ) is flowing Cuperman & Ditkowski 1990) .
The solutions of Eqs. (1) and (2) 
The free generating function $(r) is related to the quantity a(.) by the equation
Thus, in the continuation we use the values of the field components B,, B, and B, (and consequently, a ) ut the photospheric surface (z = O) given by Eqs. (8)- (13) For convenience, we use the normalizations (i = x , y,
The integration limits in the x , y-plane are:
b being a free parameter.
Computational algorithm
The computational algorithm used in this work for the reconstruction of the three dimensional magnetic field above the photosphere consists of the several steps.
a. Determination of the FFF-function a ( r )
Using the observed photospheric field components Bi ( x , y, O ) (i = x , y, z ) , by the aid of Eq. (6), one calculates the non-linear FFF function a(.). Now, inspection of Eq. (6) reveals the existence of mathematical singularities at points at which B, = O. While it can be shown analytically that the actual indeterminacy can be removed by Z'HôpitaZ's techniques (see Cuperman et al. 1991b) , for numerical computational purposes, some suitable methods have to be used. Thus, in Our algorithm, a(.) is calculated at al1 points except in some finite width bands on both sides of the curves B, = O; the missing a -values are then obtained by efficient interpolation techniques. Thus, using 14-point derivative formulas (see Appendix A), a(.) is calculated with a maximum relative error of N 10-8 ! (This maximum error occurs at the largest r-values considered in this work, r = 22, where la1 becomes very small).
b. Vertical extrapolation
We perform a progressive vertical ( z ) integration for the extrapolation of the photospheric magnetic fields within the FFF model, using as boundary conditions the field values at the photosphere. (As mentioned above, these values are simulated by the exact analytical solution of the FFF model, Eqs. (8)- (13)).
First, from the (known) B, (z, y, z ) -components we compute the horizontal derivatives dB,/dx and dB,/dy using the high order derivative formulas given in Appendix A; this is achieved with a relative accuracy of about 10-8;
Second, by the aid of Eqs. (4) and (5) we obtain the vertical derivatives dB,/dz and dB,/dz.
Third, using suitable 1 O-term extrapolation formulas developed in Appendix B, we obtain the sought for results -the three-component magnetic field in the half space z > O. The somewhat less accurate results obtained at very low vertical height ( z < 1OSz) are corrected by a suitable iterative process; the maximum relative error at height Z 9 z / a -20 is less than 10-3 ! >
Implementation of the computational algorithm-results
Simulation of measured photospheric field components.
From the general analytical solutions, Eqs. (8)- (13) one can obtain the "photospheric" (i.e. at z = O) field com-B, (z, y, O) . For illustration, these functions are represented in Fig. 1 ; the "observation" domain, D,, ( z = O) has the dimensions 1 E , 1 = 1 L, 1 = 5 (see Eq. (15)).
Simulation of photospheric-field components, after removal of the 180" ambiguity in the B, and B, components. When suitable techniques are used to remove the 180" ambiguity (see, e.g. Cuperman et al. 1993; Li et al. 1993 curves. As can be seen, the computational relative accuracy is very good:
< 5 lOP5, < 5 10-4.
Discussion
In sections 1-IV we formulated the problem considered in this work as follows: given the photospheric vector field B ( z , y, O) and chromospheric line of sight component B, (2, y , z ) satisfying FFF-conditions, reconstruct the vector field B ( x , y, z ) in the 3D space above the photosphere in which B, -information is available. Thus, using (i) analytical FFF solutions for B ( x , y, O) and B,(z, y, z ) "data" and (ii) highly efficient computational procedures, the algorithm developed here provides results within less then Now, in practice, observed -rather than analyticaltograms will be characterized by polarimetric noise a factor of 10 -100 smaller than ground based systems (that is about the same as for the normal heliographic component) (se% e.g. Venkatakrishnan & Gary 1989 ). relative error.
B ( z , y, O) and B z ( z ,
y, z ) data have to be used. Such data are subject to the following additive sources of uncertainties: (a) projection effects, (b) 180" ambiguity in the azimuth, (c) Faraday rotation of the azimuth and (d) noise in the basic data that is, in the circulary and linearly polarized intensities. Therefore, before these data can be used 2. After the corrective procedures mentioned above are carried out, a variational modification of the "correct" data such as to fit a FFF-state is required. In this, global constraints characterizing a FFF-state have to be satisfied (see, e.g. Molodensky 1969; Aly 1984 Aly , 1989 Semel 1988) .
in the FFF -reconstruction algorithm developed in this paper, the following corrective steps have to be taken:
1. Elimination / minimization of the errors related to the uncertainty sources (a)-(d). (See, e.g. Hagyard 1985 Hagyard , 1988 . Note that it is anticipated that space-flight magneIn conc~usion, we reiterate that the algorithm we developed is concerned with the basic reconstruction problem, within the framework of the FFF-mode1 equations. It assumes that the corrective procedures indicated above have been carefully applied and that the measurement 
Summary
We have developed and implemented a computational algorithm for the reconstruction of the vector -chromospheric magnetic fields within the framework of the non-linear FFF theoretical model. This algorithm represents the extension, modification and improvement of previously proposed progressive vertical extrapolations (see, e.g. Wu et al. 1985; Cuperman et al. 1990 ) in the following sense:
1. In the calculation of the non-linear FFF-function (Y (by the aid of Eq. (6)), the derivatives dB,/da: and aB,/ûy are computed by the aid of 1Qterm formulas, rather than by 2-3 term formulas as previously used. Moreover, 14-versions of the 14-term formulas are used at various points, in order to ensure about equal minimum computational error. The maximum relative error in the computation of these derivatives is smaller than 10-lo. As a consequence, <y is computed with a maximum relative error smaller than 10-s (see Fig. 3 ).
2. The same 14-term formula (and its 14 versions) is applied for the calculation of the derivatives dB,/dz and ôB,/dy which enter the expressions of dB,/dz and dB,/dz, Eqs. (4) and (5), respectively. Consequently, the same high computational precision is obtained also for this purpose.
3. At points where B, = O, to avoid inherent "mathematical" discontinuities, rather than calculating a(.) by the aid of Eq. (6) in conjunction with some smoothing techniques, a suitable, different approach is used. The same holds at points where B, = O or B, = O, including the case in which B, = B, = O. Thus, at al1 points in the range 1 5 F 5 22, the maximum relative error in the computed function (Y is smaller than 10-* (See Fig. 3 ).
4. The progressive vertical ( z ) extrapolation is based on a "moving" 10-term formula, including information from ten consecutive grid points, q = O, 1 , 2 , ..., 9. Thus, the extrapolated value Bi(z, y, q ) is expressed in terms of its derivatives at grid points q = O, 1,2, ..., 9 as well as the 5. A special correction is applied to the extrapolation results obtained for the first few grid points above the photosphere (especially at the first point, = Si?) because in these cases the information required by the "ten-term formula" is not available.
6. As a result ot the computational algorithm summarized above, an exceptional good extrapolation accuracy is obtained: at 3 = 20 (= 50062), the maximum relative error in the extrapolated vector magnetic field component B, (B,) is smaller than 10-4(10-3). Following the computational algorithm developed by Bruma & Cuperman (1996) for the calculation of horizontal derivatives in problems of the type studied here, we use a "flexible" fourteen-grid-point formulation designed to achieve optimal accuracy. ( x , y , z ) , B,(x,y,z) or B Z ( x , y , z ) . Also, use the notation Pl(xi,l) G ( d F / d~) ,~,~. Aa, where A x represents the equidistant grid size.
Denote by
The same holds for the y-direction. For illustration, in the case (a), one has Xrnax.
For the case (b)
A complete description on the general algorithm, including the criteria for the selection of the formulas for the horizontal derivations is given in Bruma & Cuperman (1996) .
The vertical ( z ) integration
The analysis by Bruma & Cuperman (1996) De.note by ( z j ,~, z j ,~, .., zj,k, . . .~j ,~) the coordinates of a set of equidistant grid points along the z-axis and by ,o), F ( z j , l ) , .... . F(zj,k) .... . F(zj,,) the values of the function F at the corresponding grid points. Let n 5 9 < and j -500; then, about 500 grid points are involved.
F(zj
The first "moving" set is labeled j = O and starts at the photosphere, zo,o f O. (Notice that here F represents eiBy the aid of the functions F ( z j , k ) ( z = O, 1, .., n ) it is possible to calculate their first order derivatives, P l (~, , k )~; then, in the resulting system of relationships, we eliminate the functions F (.zj,l) , ..... F (~j ,~-l ) , as well as the derivative Pl(zj,,) to obtain a relation of the form ther &(z,!/,z) or By(z,!/,z)).
Thus, at a grid point we have a ten-grid-point-formula for the function F in terms of the F-value at zj,o and its derivatives at al1 other points. In particular, starting at the photosphere where z j ,~ = z0,o = O, the above symbolic formula reads F ( n ) = f {F(O); P1(1), ."., P l ( 9 ) ) . 
As proposed and implemented by Bruma & Cuperman (1996) , utilization of an appropriate iterative procedure leads to improvement of the zero-order results obtained at very low levels (1 6 n < 9).
